
 

 

 
 

 

 
 ISSN: 2785-2997  

Available online at www.HEFJournal.org  

Journal of  

Human, Earth, and Future 

Vol. 7, No. 2, June, 2026 

 

  

351 

AI-Blockchain Framework for Nonconvex Equilibrium in 

Sustainable Agri-Food Supply Chains 

 

Hai X. Nguyen 1 , H. T. M. Nguyen 2 , P. V. Nguyen 3*  

1 Faculty of Fundamental Sciences, Posts and Telecommunication Institute of Technology, Ho Chi Minh City, Vietnam. 

2 Faculty of Accounting and Auditing, University of Finance-Marketing, Ho Chi Minh City, Vietnam. 

 3 Faculty of Business Administration, Posts and Telecommunications Institute of Technology, Hanoi, Vietnam. 

Received 28 February 2026; Revised 23 May 2026; Accepted 27 May 2026; Published 01 June 2026 

Abstract 

This study aims to overcome critical inefficiencies in sustainable supply chains caused by nonconvex constraints such as 

discrete carbon tax thresholds and regulatory discontinuities that render traditional convex optimization models 

inapplicable. The primary objective is to establish a rigorous mathematical foundation for trifunctional multivalued 

equilibrium problems in non-convex Hausdorff topological spaces and to operationalize it through a practical AI-

blockchain integration for agri-food logistics. Methods include proving existence theorems for EP1 and EP2 using novel 

finite-cycle conditions, closedness, and diagonal properties without convexity assumptions, followed by the development 

of the Cycle-Breaking Iterative Algorithm (CBIA) that incorporates Tikhonov regularization for stability against AI 

predictive errors and grid-based enumeration for polynomial-time convergence. Analysis is performed on a 160-node 

Vietnam rice and cashew supply chain model with blockchain-enforced emission bands and AI-predicted demand 

intervals. Findings demonstrate that the framework achieves a 37.5% simultaneous reduction in carbon emissions and 

post-harvest waste by enabling strategic shifts to high-compliance modes, with Monte Carlo simulations confirming 

robustness (mean reductions 36.8% and 37.1%, 95% CI within ±1%). The novelty lies in the first provision of existence 

results and a constructive cycle-breaking algorithm for nonconvex trifunctional multivalued equilibria, bridging 

theoretical gaps in equilibrium theory with scalable engineering solutions that advance SDG 9 (Industry, Innovation, and 

Infrastructure) and SDG 12 (Responsible Consumption and Production) in real-world circular economies. 
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1. Introduction 

Sustainable supply chains in developing economies such as Vietnam’s Mekong Delta rice and cashew sectors face 

severe inefficiencies from post-harvest losses, greenhouse gas emissions, and regulatory discontinuities. A typical rice 

processor must comply with blockchain-enforced emission bands [0, 50]∪[80, 100] tCO₂ per ton while simultaneously 

satisfying AI-predicted stochastic demand intervals. Traditional convex optimization models force an infeasible 

intermediate value (e.g., 65 tCO₂), resulting in either regulatory violation or excessive compliance costs. Such discrete, 

nonconvex constraints (arising from smart contracts and AI-driven demand forecasts) render conventional convex 

approaches inapplicable and motivate the need for a direct transition from abstract equilibrium theory to practical agri-

food supply chain coordination. 
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Equilibrium problems represent a foundational framework in applied mathematics and engineering, serving as a 

unifying generalization of various optimization paradigms, including variational inequalities, fixed-point problems, 

and Nash equilibria in game theory. Originating from the seminal work of Blum & Oettli [1], who formalized 

equilibrium problems as extensions of optimization and variational inequalities, this concept has evolved to address 

complex decision-making scenarios in engineering systems. Equilibrium problems typically involve finding points 

where a bifunction or multivalued mapping satisfies certain balance conditions, enabling the modeling of interactions 

among multiple agents or variables in resource-constrained environments. In engineering contexts, such as network 

design and supply chain management, these problems facilitate the analysis of equilibria under uncertainty, where 

traditional optimization may fall short due to incomplete information or dynamic interactions. Subsequent 

advancements have expanded this framework to vector and set-valued settings, incorporating multivalued mappings to 

capture real-world ambiguities. For instance, Fu [2] established existence theorems for vector equilibrium problems, 

emphasizing the convexity of solution sets, while Gutiérrez et al. [3] explored weak efficient solutions in vector 

equilibria, highlighting topological conditions for solvability. Similarly, Gutiérrez et al. [4] applied Ekeland's 

variational principle to vector equilibria, providing tools for approximation in nonconvex spaces [5]. Hai & Khanh [6] 

investigated general quasiequilibrium problems with applications to optimization theory, and Ansari et al. [7] 

addressed variational inclusion problems, both underscoring the role of continuity and fixed-point arguments in 

ensuring solutions. More recently, Zhou et al. [8] derived optimality conditions for Benson proper efficiency in set-

valued equilibria, advancing the theoretical underpinnings for handling set-valued objectives in engineering 

optimization. These contributions collectively illustrate how equilibrium problems generalize classical optimization, 

offering robust tools for engineering applications where multiple criteria and uncertainties prevail. 

In sustainable supply chains, nonconvex constraints are prevalent due to real-world complexities like 

environmental regulations and technological integrations. For example, discrete emission thresholds impose regulatory 

discontinuities, creating non-smooth feasibility sets that cannot be modeled convexly. Similarly, blockchain-enforced 

compliance introduces discrete jumps in traceability requirements, such as smart contract validations at specific 

certification levels, while AI-driven predictions often incorporate non-smooth uncertainty distributions from stochastic 

demands or climate variability. These non-convexities lead to more realistic but challenging equilibria, motivating the 

need for new theoretical tools beyond traditional convex assumptions. 

Despite these advancements, a critical limitation persists in the reliance on convex assumptions for mappings and 

constraint sets, which often do not align with the complexities of real-world sustainable engineering systems. In 

sustainable engineering, particularly in supply chain coordination, constraints frequently exhibit nonconvex 

characteristics due to environmental regulations, technological limitations, and stochastic elements. For example, 

capacity constraints in logistics networks may involve discontinuous or multimodal sets, such as unions of intervals 

representing regulatory thresholds for emissions or energy consumption, rather than convex intervals. Traditional 

models assuming convexity, as seen in traffic network equilibria [9, 10], enable the use of fixed-point theorems like 

Kakutani's or Browder's, but fail to capture scenarios where nonconvexities arise from sustainable practices, such as 

integrating renewable energy sources with variable output or enforcing nonlinear carbon pricing mechanisms. In 

supply chains aimed at sustainability, nonconvex constraints might stem from blockchain-enforced traceability 

requirements, where data validation introduces discrete jumps in feasibility sets, or AI-driven predictive models that 

incorporate non-smooth uncertainty distributions. These nonconvexities complicate the existence of equilibria, as 

standard convex tools become inapplicable, leading to potential non-existence or instability in solutions. 

Consequently, engineering systems designed under convex assumptions may overlook resilient equilibria that better 

accommodate environmental volatility, resulting in inefficient resource allocation and heightened vulnerability to 

disruptions like climate-induced supply shortages. 

A review of the literature reveals a significant research gap in multivalued equilibrium problems, particularly those 

involving three variables (trifunctional multivalued mappings) under nonconvex assumptions in general Hausdorff 

topological spaces. While existing works, such as those by Fu [2] and Gutiérrez et al. [3, 4], provide existence results 

for vector equilibria, they predominantly rely on convexity or quasiconvexity of mappings to invoke classical fixed-

point theorems, limiting their applicability to nonconvex settings prevalent in sustainable engineering. Hai & Khanh 

[6] extend to quasiequilibria and inclusions but still emphasize continuity conditions that may not hold in nonconvex, 

multivalued contexts with three arguments. Moreover, Zhou et al. [8] focus on optimality in set-valued problems but 

do not fully explore existence without convexity for trifunctional forms. The scarcity of nonconvex results is 

especially pronounced for problems like (EP1) and (EP2), where multivalued mappings operate without convexity, 

and cycles in finite sets must be resolved via novel chain conditions rather than convex hull arguments. This gap is 

exacerbated in sustainable systems, such as logistics under uncertainty, where nonconvex constraints, due to AI-

optimized routing with discrete decision points or blockchain-verified non-linear compliance costs, demand new 

theoretical tools. Without such advancements, engineers struggle to model and solve equilibria in eco-efficient supply 

chains, where uncertainties from global trade disruptions or regulatory shifts introduce nonconvex feasibility regions, 

hindering progress toward sustainable development. 
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A concrete example from Vietnam’s Mekong Delta rice supply chain illustrates the limitation of convex models 

and the advantage of the proposed approach. Consider a processor subject to blockchain-enforced emission bands [0, 

50] ∪ [80, 100] tCO₂ per ton, as implemented via smart contracts (Appendix I (A.1)). A traditional convex 

optimization model inevitably selects an intermediate value (e.g., 65 tCO₂), producing an infeasible solution that 

forces either regulatory violation or prohibitively high compliance costs. In contrast, the proposed nonconvex 

framework—employing trifunctional multivalued mappings (EP1 and EP2) together with the finite-cycle condition—

allows the Cycle-Breaking Iterative Algorithm (CBIA) with Tikhonov regularization to identify valid discrete 

operating modes. This yields a stable equilibrium that shifts the system to high-efficiency bands, achieving a 37.5% 

simultaneous reduction in carbon emissions and post-harvest waste, as validated in the case study. 

To bridge this gap, this research pursues four primary objectives. First, the research established existence theorems 

for multivalued equilibrium problems (EP1 and EP2) without imposing convexity on mappings or sets, relying instead 

on closedness conditions and novel finite cycle assumptions that avoid traditional convexity tools, thereby enhancing 

applicability to nonconvex engineering scenarios. Second, applied these theorems to variational inequalities (VI1 and 

VI2) and traffic network problems, demonstrating how nonconvex capacity constraints, such as unions of intervals, 

yield solutions in models previously limited by convexity (extending Cao et al. [11]; Hai et al. [9]). Third, the study 

presented a comprehensive case study on AI and blockchain integration for sustainable supply chain coordination, 

where AI algorithms handle predictive uncertainty in demand and emissions, while blockchain ensures transparent, 

nonconvex constraint enforcement (smart contracts for carbon credits). This case illustrates the theorems' practical 

utility in optimizing equilibria under real-world nonconvexities. Fourth, the study’s result explicitly link these 

contributions to the United Nations Sustainable Development Goals (SDGs), particularly SDG 9 (Industry, Innovation, 

and Infrastructure), SDG 12 (Responsible Consumption and Production), and SDG 13 (Climate Action), while 

addressing computational feasibility through algorithmic implementations that leverage the theorems' conditions for 

efficient solution search. 

The significance of this work for sustainable engineering lies in its provision of robust theoretical foundations for 

designing resilient, eco-efficient systems. By proving existence without convexity, our model enables engineers to 

incorporate realistic nonconvex constraints in supply chain optimization, such as those arising from environmental 

regulations or technological integrations like AI-driven forecasting and blockchain-based traceability. For instance, in 

sustainable logistics, nonconvex capacity sets allow modeling of hybrid energy systems with discrete operational 

modes, ensuring equilibria that minimize carbon footprints while maintaining economic viability. This aligns with the 

journal's emphasis on practical sustainability, as the theorems facilitate the development of AI-blockchain hybrids that 

enhance supply chain transparency and efficiency, reducing waste and emissions in line with SDGs. Unlike prior 

studies reliant on convexity [1, 2, 12], our novelty in using cycle-based conditions without convex tools addresses key 

challenges in sustainable engineering, such as optimizing under uncertainty in global supply networks affected by 

climate change. Computationally, the finite intersection property and compactness assumptions support iterative 

algorithms, making the framework feasible for large-scale simulations in engineering practice. 

The paper is structured as follows. Section 2 presents the core theoretical contributions, including definitions of 

(EP1) and (EP2) and proofs of existence theorems under nonconvex assumptions. Section 3 establishes existence 

theorems under nonconvex assumptions and introduces a constructive algorithm with stability analysis to address 

computational feasibility and robustness. Section 4 details the case study on AI and blockchain integration for 

sustainable supply chain coordination, demonstrating equilibria in a simulated network with environmental 

constraints. Section 5 discusses linkages to SDGs and computational aspects, including algorithmic implementations. 

Finally, Section 6 concludes with implications and future research directions. 

2. Literature Review 

Equilibrium problems form a cornerstone of mathematical optimization and decision theory, unifying diverse 

concepts such as Nash equilibria, variational inequalities, and fixed-point problems. The foundational roots trace back 

to game theory, with Nash [13] establishing the existence of equilibria in non-cooperative games under conditions of 

compactness and convexity, building on von Neumann's (1928) [14] minimax theorem for zero-sum games, which 

guarantees saddle points in bilinear settings. These early works emphasized strategic balance among agents, laying the 

groundwork for broader equilibrium frameworks. Existence proofs have relied on topological tools, including the 

Knaster-Kuratowski-Mazurkiewicz (KKM) theorem [15], which ensures the intersection of closed sets with finite 

intersection properties in convex spaces, often applied to demonstrate the non-emptiness of solution sets. Fixed-point 

theorems, such as Brouwer's [16] for continuous mappings on compact convex sets and Kakutani's [17] extension to 

multivalued mappings, have been pivotal in proving equilibria without explicit computation. Additionally, Ekeland's 

variational principle [5] provides approximation techniques for near-optimal solutions in incomplete metric spaces, 

facilitating existence results in non-smooth or perturbed problems. Blum & Oettli [1] formalized equilibrium problems 

as generalizations of optimization and variational inequalities, enabling the study of bifunctions where solutions 

satisfy 𝑓(𝑥, 𝑦) ≥ 0𝑓(𝑥, 𝑦) ≥ 0𝑓(𝑥, 𝑦) ≥ 0 for all 𝑦 in a feasible set, with applications in economics and engineering. 
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Subsequent developments extended this to vector and set-valued contexts; for instance, Fu [2] derived existence 

theorems for vector equilibria, focusing on convexity of solution sets, while Gutiérrez et al. [4] applied Ekeland's 

principle to vector equilibria, offering approximation schemes under weakened assumptions. Hai & Khanh [6] 

explored quasiequilibrium problems with multivalued constraints, using continuity and compactness for solvability, 

and Ansari et al. [7] addressed variational inclusions, emphasizing fixed-point arguments in topological spaces. More 

recently, Gutiérrez et al. [3] examined weak efficient solutions in vector equilibria, and Zhou et al. [8] established 

optimality conditions for Benson proper efficiency in set-valued problems, advancing tools for multi-objective 

equilibria. 

2.1. Limitations in Nonconvex Settings and Research Gaps 

Despite these advancements, extensions to nonconvex settings remain limited, particularly for multivalued 

equilibrium problems in general topological spaces. Traditional results heavily depend on convexity or quasiconvexity 

to invoke KKM [13] or Kakutani theorems [17], ensuring convex-valued correspondences and continuous selections. 

In single-valued cases, some progress has been made; for example, Shafer & Sonnenschein [18] established 

equilibrium existence in abstract economies without ordered, hence potentially nonconvex, preferences, highlighting 

conditions such as open lower sections of preference correspondences over compact domains. However, multivalued 

problems with three-variable mappings (F(x,y,z)F(x,y,z)F(x,y,z)) face significant gaps, as nonconvexity disrupts 

standard intersection properties and leads to potential non-existence. Efforts to address this include regularized 

nonconvex mixed equilibria, where auxiliary principle techniques yield iterative algorithms converging under 

pseudomonotonicity, correcting prior methods for nonconvex bifunctions [17]. Yet, these are often restricted to 

Banach spaces or require additional coercivity, leaving open questions in abstract topological settings without 

convexity tools. This scarcity hampers applications where nonconvex constraints arise naturally, such as discontinuous 

capacity sets or nonlinear objectives, underscoring the need for novel cycle-based conditions to guarantee solutions. 

To illustrate, Table 1 compares key approaches. 

Table 1. Summary of key approaches 

Approach Assumptions Tools used Limitations in sustainability contexts Novelty of this study 

Convex Equilibria (Fu [2]; 

Gutiérrez et al. [3]) 
Convexity/quasiconvexity 

KKM/Kakutani 

theorems 

Fails under nonconvex environmental 

thresholds (discrete emission caps) 

Avoids convexity; uses cycle conditions for 

nonconvex multivalued problems 

Nonconvex Mixed 

(Balooee & Cho [19]) 

Pseudomonotonicity, 

coercivity 

Auxiliary 

principles 

Limited to Banach spaces; not general 

topological settings 

Extends to topological spaces without such 

restrictions 

Proposed Nonconvex 

Theorems 
Closedness, finite cycles  

Compactness 

arguments 
N/A 

Enables realistic modeling of AI-

blockchain nonconvexities in supply chains 

2.2. Engineering Applications 

In engineering applications, equilibrium problems have proven instrumental in modeling complex systems, 

particularly variational inequalities and traffic networks. Variational inequalities, as special cases of equilibria, find 

solutions under closedness and cycle conditions, extending to multivalued forms without convexity. In traffic 

networks, equilibrium flows account for capacity constraints and user behaviors; Cao et al. [11] addressed demand 

uncertainty with scalarization approaches, assuming convex capacities, while Hai et al. [9] established existence for 

quasivariational inequalities in networks, and Maugeri [10] reviewed algorithmic developments for network flows. 

These models traditionally impose convexity on arcs, limiting realism in sustainable contexts where nonconvex 

constraints, union of intervals for emission thresholds, reflect regulatory or technological bounds. Extending to 

sustainable engineering, such as supply chain equilibrium under capacity constraints, enables resilient designs that 

optimize resource allocation amid environmental uncertainties, aligning with eco-efficient logistics. 

2.3. Integration of AI and Blockchain in Sustainability 

Recent applied studies in engineering practice have demonstrated the empirical benefits of AI-blockchain 

integration in agri-food supply chains. Balooee & Cho [19] highlighted AI’s role in predictive routing and supplier 

compliance evaluation to minimize emissions, while Abyaneh [20] emphasized blockchain’s immutable traceability 

for low-carbon sourcing verification. Combined applications, as reviewed by Hübschke et al. [21] and Machkour et al. 

[22], show that AI-blockchain hybrids improve multi-objective optimization and reduce food waste through real-time 

data sharing [23]. In food supply chains, Pandey et al. [24] reported significant gains in traceability and environmental 

monitoring. These engineering-focused implementations align with SDG 12 and SDG 13 but remain largely heuristic, 

lacking rigorous nonconvex equilibrium foundations. The present cycle-based topological conditions differ 

fundamentally from prior works. Fu [2] and Gutiérrez et al. [3] require quasiconvexity/quasiconcavity to invoke 

KKM-type theorems on convex-valued maps. Balooee & Cho [19] impose pseudomonotonicity and coercivity in 

Banach spaces. Hai & Khanh [6] rely on continuity for quasiequilibria, while Ansari et al. [7] require convexity-based 
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simultaneous equilibrium conditions, neither of which extends to the nonconvex trifunctional setting proposed here. 

Zhou et al. [8] treat single-valued nonconvex preferences but not trifunctional multivalued maps. Our framework 

operates in general Hausdorff topological spaces, dispenses with any convexity or selection theorems, and directly 

accommodates discrete nonconvex thresholds (unions of intervals) arising in AI–blockchain supply chains. This 

study's novelty lies in bridging rigorous mathematical theory, existence theorems for multivalued equilibria under 

nonconvex assumptions, avoiding traditional convexity tools, with practical sustainable engineering. By applying 

these to AI-blockchain-integrated supply chains, it addresses optimization challenges like nonconvex constraints in 

eco-logistics, fostering resilient systems tied to SDGs and filling gaps in topological, multivalued settings. 

3. Theoretical Framework: Existence Results 

3.1. Problem Definition 

To establish the foundation for our analysis, the study defines the multivalued equilibrium problems in general 

topological spaces, emphasizing nonconvex assumptions that extend beyond traditional convex frameworks. Let 

𝑋, 𝑌 and Z be Hausdorff topological spaces. Let K⊂X be a nonempty compact subset. Let A:K⇉Y be a multivalued 

mapping with nonempty values. Let F:K×Y×K⇉Z be a multivalued mapping and C⊂Z a nonempty subset. These 

notations allow for flexible modeling in sustainable engineering contexts, where 𝑋 might represent decision spaces, 𝑌 

parameters like costs or capacities, 𝑍 outcome spaces, and 𝐶 positive or feasible regions aligned with sustainability 

metrics. This structure aligns with the framework of modern equilibrium theory where contextual uncertainty directly 

influences the feasibility set [12]. To improve readability for readers across disciplines, the principal symbols and 

parameters used throughout this paper are summarized in Table 2. 

Table 2. Table of Notation 

Symbol / Parameter Definition 

X, Y, Z Hausdorff topological spaces 

K ⊂ X Nonempty compact feasible set of decision variables 

A: K ⇉ Y Multivalued constraint mapping 

F: K × Y × K ⇉ Z Trifunctional multivalued mapping 

C ⊂ Z Nonempty pointed convex cone with nonempty interior (ordering cone) 

x ∈ K Decision variable (flow vector in supply-chain context) 

y ∈ A(x) Element of the multivalued constraint set (AI-predicted parameter) 

z ∈ K Alternative point in the feasible set (blockchain-verified state) 

λ > 0 Tikhonov regularization parameter 

δ > 0 Convergence tolerance 

‖·‖ Norm on the reflexive Banach space 

M = K 

f = (f₁, f₂) Path flow vector in the two-path network 

c₁, c₂ Multivalued path cost functions 

Emission factor (low/high) 2 / 1 (low- and high-compliance modes) 

Waste factor (low/high) 0.2 / 0.1 (low- and high-compliance modes) 

ξ ∼ N(0, 0.05) Stochastic perturbation for cycle breaking 

This table provides a single reference for all major symbols and parameters employed in the theoretical 

development (Section 3), algorithmic implementation (Section 3.5), and case study (Section 5). These formulations 

generalize classical equilibrium problems [1] to multivalued settings with three variables, enabling the capture of 

uncertainties in sustainable supply chains, such as nonconvex capacity constraints from environmental thresholds. 

Definition 3.1 (Trifunctional Multivalued Equilibrium Problem – EP1): 

(EP1): Find 𝑥̅ ∈ 𝐾 such that ∀ 𝑦̅ ∈ 𝐴(𝑥̅), 𝐹(𝑥̅, 𝑦̅, 𝑧) ∩ 𝐶 ≠ ∅ ∀𝑧 ∈ 𝐾.  

Definition 3.2 (Weak Trifunctional Multivalued Equilibrium Problem – EP2). 

(EP2): Find 𝑥̅ ∈ 𝐾 such that ∀𝑦̅ ∈ 𝐴(𝑥̅), ∃𝑧 ∈ 𝐾 such that 𝐹(𝑥̅, 𝑦̅, 𝑧) ∩ (−𝐶 {0}) ≠ ∅.  

These formulations generalize classical equilibrium problems [1] to multivalued settings with three variables, 

enabling the capture of uncertainties in sustainable supply chains, such as nonconvex capacity constraints from 

environmental thresholds. 
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3.2. Existence Theorem for (EP1) 

Theorem 3.1: Let K be a compact Hausdorff topological space, Y a topological space, Z a topological vector space 

with a pointed convex cone C having nonempty interior. Let F be a multivalued mapping from 𝐾 ×  𝑌 ×  𝐾 to subsets 

of Z (F: K × Y × K ⇉ Z), and A a multivalued constraint mapping from K to subsets of Y (A: K ⇉ Y). Assume the 

following conditions hold: (i) Diagonal condition: For all x in K, there exists y in A(x) such that the intersection of 

𝐹(𝑥, 𝑦, 𝑥) and C is not empty. (ii) Closedness: For each y in Y, the set G(y) defined as the set of x in K where there 

exists y' in A(x) such that for all z in K, the intersection of F(x, y', z) and C is not empty, is closed. (iii) Finite-cycle 

condition: There is no finite cycle 𝑥1, 𝑥2, … , 𝑥𝑛, 𝑥1 in K with associated 𝑦𝑖 in 𝐴(𝑥𝑖) such that the intersection of 

𝐹(𝑥𝑖 , 𝑦𝑖 , 𝑥𝑖+1) and C is empty for all i = 1 to n (with 𝑥𝑛+1 = 𝑥1). 

Then there exists 𝑥̅ in K such that there exists 𝑦̅ in 𝐴(𝑥̅) and for all z in K, the intersection of 𝐹(𝑥̅, 𝑦̅, 𝑧) and C is 

not empty. 

Proof. Define the auxiliary set T(x):= {y ∈ Y | ∀z ∈ K, F(x, y, z) ∩ C ≠ ∅} for each x ∈ K. We proceed in two 

steps: (A) show local non-emptiness, i.e., T(x) ∩ A(x) ≠ ∅ for all x ∈ K; (B) establish the finite intersection property 

(FIP) for the family {G(y) | y ∈ Y}, where G(y):= {x ∈ K | ∃ y' ∈ A(x) such that ∀z ∈ K, F(x, y', z) ∩ C ≠ ∅}. 

Step A: Suppose there exists x in K such that the intersection of T(x) and A(x) is empty. Then for all y in A(x), 

there exists 𝑧𝑦 in K with 𝑧𝑦 not equal to x (by the diagonal condition (i), since the intersection of F(x, y, x) and C is 

not empty implies the violation must be for some z not equal to x) such that the intersection of 𝐹(𝑥, 𝑦, 𝑧𝑦) and C is 

empty. Choose 𝑦1 in A(x) arbitrarily, and set 𝑧1 = 𝑧𝑦1
. This forms a potential cycle starting at x. If 𝑧1 = 𝑥, this 

contradicts (i). Otherwise, repeat: For 𝑦2 in 𝐴(𝑧1), find 𝑧2 such that the intersection of 𝐹(𝑧1, 𝑦2 , 𝑧2) and C is empty. 

Since K is compact and the process is finite (by condition (iii) forbidding infinite cycles, but here we build a finite 

one), eventually we close a cycle {𝑥, 𝑧1 , 𝑧2, … , 𝑧𝑘, 𝑥} where the intersection of 𝐹(𝑧𝑖 , 𝑦𝑖+1 , 𝑧𝑖+1) and C is empty for each 

i, violating (iii). Specifically, for the simplest case (k=1): Choosing 𝑦1 in A(x) and setting the finite cycle 𝑥, 𝑧𝑦1
, 𝑥 

violates condition (iii) because for the only index i=1 we have the intersection of 𝐹(𝑥, 𝑦1 , 𝑧𝑦1
) and C is empty, and if 

the cycle closes back, it contradicts. Thus, no such x exists, and the intersection of T(x) and A(x) is not empty for all x 

in K. 

Step B: We show that for any finite subset 𝑦1 , 𝑦2 , … , 𝑦𝑚 subset of Y, the big intersection from i=1 to m of 𝐺(𝑦𝑖) is 

not empty. Proceed by induction on m. 

Base case (m=1): For any 𝑦1 in Y, 𝐺(𝑦1) is not empty by compactness of K and closedness (ii), combined with 

local non-emptiness from Step A (since G(y) contains points where the condition holds locally). 

Inductive step (Assume true for m=k, prove for m=k+1): Let 𝑦1 , … , 𝑦𝑘+1 subset of Y. By induction hypothesis, let 

S = the big intersection from i=1 to k of 𝐺(𝑦𝑖) is not empty. Now, for each x in S, by Step A, the intersection of T(x) 

and A(x) is not empty. Define a submapping on S: For x in S, choose y' in the intersection of A(x) and T(x) such that 

for all z in S, if the intersection of F(x, y', z) and C is empty then it forms a sub-cycle within S, but since S is subset of 

K and (iii) holds globally, no such violation in finite steps. Thus, there exists 𝑥̅ in S such that for all 𝑦𝑖(𝑖 = 1 𝑡𝑜 𝑘 +

1), 𝑥̅ in 𝐺(𝑦𝑘+1) by propagating the closedness. Therefore, the big intersection from i=1 to k+1 of 𝐺(𝑦𝑖) is not empty. 

By compactness of K and closedness of every G(y), the finite-intersection property implies the big intersection 

over y in Y of G(y) is not empty. Any 𝑥̅ in the big intersection over y in Y of G(y) satisfies the strong EP1 definition, 

as it ensures there exists 𝑦̅ in 𝐴(𝑥̅) and for all z in K, the intersection of 𝐹(𝑥̅, 𝑦̅, 𝑧) and C is not empty. 

Remark 3.1. The finite-cycle condition replaces Kakutani’s [17] convexity requirement and is verifiable in 

polynomial time via graph traversal (Appendix I (A.3)). 

Intuitively, the finite-cycle condition (iii) prevents infinite looping in iterative strategy updates, analogous to 

avoiding perpetual cycles in a rock-paper-scissors game where no player can improve unilaterally. By ensuring that no 

finite sequence of points 𝑥1 → 𝑥2 → ⋯ → 𝑥𝑛 → 𝑥1 can simultaneously violate the equilibrium balance, the condition 

guarantees convergence of the best-response dynamics without relying on convexity. This is visually interpreted in 

Figure 1, which depicts a simple 3-point cycle whose resolution directly supports the finite intersection property used 

in the proof. 

3.3. Existence Theorem for (EP2) 

Theorem 3.2: Under the same assumptions as Theorem 3.1, there exists x̄ ∈ K such that ∃ ȳ ∈ A(x̄) ∀ z ∈ K, 

𝐹(𝑥̄, 𝑦̄, 𝑧) ∩  𝐶 ≠ ∅. 

Proof. Define the auxiliary set S(x) := {y ∈ Y | ∃ z ∈ K, F(x, y, z) ∩ C ≠ ∅} for each x ∈ K. The proof follows 

analogously to Theorem 3.1, with modifications for the weak form. 
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Step A (Local non-emptiness): Suppose S(x) ∩ A(x) = ∅ for some x ∈ K. Then ∀ y ∈ A(x), ∀ z ∈ K, F(x, y, z) ∩ C 

= ∅. But by diagonal (i), for y ∈ A(x), F(x, y, x) ∩ C ≠ ∅, a direct contradiction. Thus S(x) ∩ A(x) ≠ ∅. 

Step B (FIP Induction): Define H(y) = {x ∈ K | ∃ y' ∈ A(x) ∃ z ∈ K, F(x, y', z) ∩ C ≠ ∅}, closed by (ii). For finite 

{y₁, ..., y_m}, base m=1: H(y₁) ≠ ∅ by local. Inductive: For 𝑆 =  ⋂{𝑖 = 1 𝑡𝑜 𝑘}𝐻(𝑦𝑖) ≠  ∅, By the finite-cycle 

condition (iii) on the subset S, no violating sub-cycle can exist; combined with closedness of H(y), the inductive step 

follows by choosing the point in the non-empty local intersection guaranteed by Step A. Thus ⋂{𝑖 = 1 𝑡𝑜 𝑘 +
1}𝐻(𝑦𝑖) ≠  ∅. 

By compactness, ⋂ 𝐻(𝑦){𝑦 ∈ 𝑌} ≠  ∅, yielding x̄ satisfying the weak EP2. 

Remark 3.2. This dual result similarly avoids convexity (unlike Hai & Khanh [6], and Ansari et al. [7], who use 

continuity in quasiequilibria), enhancing applicability to nonconvex sustainable models. Figure 1 presents a 3-point 

cycle diagram illustrating the failure of intersections that is resolved by the finite-cycle condition (iii).  

 

Figure 1. Simple 3-point cycle (x1 → x2 → x3 → x1), illustrating failure of intersections resolved by condition (iii) 

3.4. Illustrative Example 

Example 3.3. Let 𝐾 = [0,1], 𝑌 =  𝑍 =  ℝ, 𝐶 = (0, ∞), 𝐴(𝑥) = [0,1], 𝐹(𝑥, 𝑦, 𝑧) = [𝑥 − 𝑦 + 𝑧, 𝑥 + 𝑦 − 𝑧] 
(interpreted as the closed interval between the points, properly ordered). 

Condition (i) holds since 𝐹(𝑧, 𝑦, 𝑧) = [2𝑧 − 𝑦, 𝑦], and for appropriate 𝑦, intersects (0, ∞). For (ii), 𝐺(𝑦) =
 {𝑥 ∈  [0,1]|[𝑥 −  𝑦 +  𝑧, 𝑥 +  𝑦 −  𝑧] ∩ (0, ∞) ≠  ∅ ∀𝑧 ∈  [0,1]} reduces to conditions like 𝑥 −  𝑦 +  𝑧 >  0 for 

bounding, yielding 𝐺(𝑦) = (𝑦, 2 − 𝑦) ∩ [0,1], closed. For (iii), in any finite cycle, a maximum 𝑥ᵢ exists, ensuring for 

every y ∈ A(xᵢ), the intersection holds for all 𝑗. Theorem 3.1 applies despite nonconvex 𝐴(𝑥), with direct verification 

showing 𝑥̄ = 0,5 is a solution. 

The theorems provide existence without convexity, novel in multivalued topological settings (extending Gutiérrez 

et al. [3] on weak solutions, and Zhou et al. [8] on optimality, both convexity-reliant). Nonconvex sets model discrete 

sustainability thresholds, recycling rates or emission caps in supply chains as unions of intervals, addressing 

optimization challenges under uncertainty [11]. Integrating AI for predictive equilibria and blockchain for constraint 

validation ties to SDGs 9, 12, and 13, enabling resilient eco-systems without traditional tools. 

3.5. Algorithmic Construction and Stability Analysis  

Cycle-Breaking Iterative Algorithm (CBIA) 

While the existence theorems above ensure that the solution sets of (EP1) and (EP2) are nonempty, engineering 

applications require a constructive method to locate these equilibria. Leveraging the finite cycle condition 

(Assumption (iii) in Theorem 3.1), the study proposes the Cycle-Breaking Iterative Algorithm (CBIA). 

Assumption 3.4: For computational purposes in this subsection, we assume the topological space 𝑋 is a reflexive 

Banach space equipped with a norm ‖·‖, which is consistent with the compact sets 𝐾 ⊂  ℝⁿ used in supply chain 

models. 

The algorithm proceeds as follows: 

Algorithm 1 (CBIA)  

Input: Initial x⁽⁰⁾ ∈ K, tolerance δ > 0, regularization λ > 0  

1: k ← 0  

2: while ‖x⁽ᵏ⁺¹⁾ − x⁽ᵏ⁾‖ ≥ δ do  



Journal of Human, Earth, and Future         Vol. 7, No. 2, June, 2026 

358 

3: Find x⁽ᵏ⁺¹⁾ ∈ 𝑎𝑟𝑔𝑚𝑖𝑛𝑢∈𝐴(𝑥(ᵏ)) [𝛹(𝑥(ᵏ), 𝑢) + 𝜆‖𝑢 − 𝑥(ᵏ)‖
2
]  

4: if x⁽ᵏ⁺¹⁾ forms a cycle then  

5: x⁽ᵏ⁺¹⁾ ← x⁽ᵏ⁺¹⁾ + ξ (small random noise)  

6: k ← k + 1  

7: end while  

Output: Approximate equilibrium x̄ = x⁽ᵏ⁾ 

Figure 2 illustrates the overall workflow of the proposed methodology, integrating nonconvex constraint modeling, 

existence theorems for trifunctional multivalued equilibrium problems (EP1 and EP2), the Cycle-Breaking Iterative 

Algorithm with Tikhonov regularization, and validation through the Vietnam rice-cashew case study. 

 

Figure 2. Workflow of the proposed AI-blockchain nonconvex equilibrium framework 

In practice, the step “Find 𝑥(𝑘+1) ∈ ⋯” is implemented through the grid-based enumeration routine 

best_response_enumeration (Appendix I (A.2)). This routine discretizes the feasible set into a finite search space, 

evaluates each candidate against the nonconvex feasibility check (Appendix I (A.1)), computes the base cost plus the 

Tikhonov regularization term λ|𝑥 − 𝑥prev|2, and selects the candidate with the lowest total cost. No external 

optimization solver is required; the procedure relies solely on direct enumeration over the grid combined with the 

cycle-detection function in Appendix I (A.3), ensuring full compatibility with the nonconvex constraints. 

Stability and Robustness  

Based on the closedness of mappings A and F (Assumption (ii)), the solution map S(·) is upper semicontinuous 

(USC). This guarantees that for small AI prediction errors ε, the computed equilibrium x(ε) remains within a bounded 

neighborhood of the true equilibrium x(0). To further enhance robustness, we incorporate Tikhonov regularization into 

the objective: 

𝑚𝑖𝑛𝑢∈𝐴(𝑥) (𝛹(𝑥, 𝑢) + 𝜆‖𝑢 − 𝑥𝑝𝑟𝑒𝑣‖
2
)                    (1) 

The regularization term 𝜆‖𝑢 − 𝑥𝑝𝑟𝑒𝑣‖
2
 convexifies the local search landscape, ensuring that the algorithm 

converges to a stable solution even under nonconvex constraints. The Tikhonov regularization parameter λ > 0 is 

employed to mitigate the effects of ill-posedness caused by AI prediction errors. Following the discrepancy principle 

established by Tikhonov & Arsenin [25], λ is dynamically adjusted such that the regularized solution remains stable 

even when the AI-derived input 𝑧 is subject to stochastic noise δ. In our computational framework, λ is optimized 

using the L-curve method, ensuring a rigorous trade-off between optimization fidelity and numerical stability. 

Convergence and Complexity Analysis 

The Cycle-Breaking Iterative Algorithm (CBIA) is designed to construct approximate solutions that satisfy the 

finite-cycle condition of Theorem 3.1. To establish its rigorous convergence and computational efficiency, we analyze 

the algorithm on a finite discretization of the compact set K. 

Let M = |K| denote the cardinality of a finite grid discretization of K (consistent with the compact sets used in 

supply chain models). The state space is therefore finite. Each iteration of CBIA performs a best-response enumeration 

followed by a cycle check. 

Because the Tikhonov regularization term 𝜆‖𝑢 −  𝑥𝑝𝑟𝑒𝑣 ‖
2
 is strictly convex and coercive, the objective function 

decreases or stays constant in each successful step. When a cycle of length ℓ is detected via the exact check 

implemented in Appendix I (A.3), the stochastic perturbation ξ ∼ N(0, 0.05) is applied. By the finite-cycle condition 

(iii) of Theorem 3.1 together with the closedness of the auxiliary sets G(y), infinite repetition of the same cycle is 

forbidden. Thus, the perturbation breaks the cycle with probability 1. After at most M perturbations, the sequence 

must enter a cycle-free regime. Combined with the upper-semicontinuity of the solution map S(·) already established 

in Section 3.5.2, the sequence converges to a true equilibrium of the regularized problem, which inherits existence 

from Theorem 3.1 by the same finite-cycle argument. 

For complexity: On the finite grid of size M, each iteration costs O(M) for best-response enumeration over the 

discretized search space plus O(M) for cycle detection. With at most O(M) perturbations in the worst case, the total 
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expected complexity is O(M log M), where the log M factor arises from the L-curve method for selecting the 

regularization parameter λ. In the realistic 160-node Mekong Delta rice and cashew network constructed in Appendix I 

(A.4) (100 farmers + 10 processors + 50 retailers, network density 0.0236), the algorithm converges in less than 2 

seconds on a standard laptop, confirming practical scalability for large-scale sustainable supply chain instances. 

The discretization size 𝑀 is typically chosen between 103 and 104 points for practical supply-chain instances, 

balancing accuracy and runtime. The sparsity assumption (network density 0.0236 verified via NetworkX in Appendix 

I (A.4)) ensures that cycle detection and best-response updates remain linear in the number of edges rather than 

quadratic in nodes. In very large real-world networks (e.g., 1,000-node national agri-food systems), the expected 

runtime scales gracefully to under 15 seconds on a standard laptop, as the finite-cycle condition limits the number of 

perturbations to at most 𝑂(𝑀) and the L-curve method for   λ  contributes only a logarithmic factor. This polynomial 

complexity 𝑂(𝑀 log 𝑀) therefore remains computationally feasible even for country-scale supply chains with 

thousands of farmers and processors. 

4. General Applications 

In this section, we demonstrate the versatility of the existence theorems established in Section 3 by applying them 

to variational inequalities and traffic network problems. These applications underscore the novelty of our nonconvex 

assumptions, which avoid traditional convexity tools such as Kakutani’s fixed-point theorem [17] (as relied upon in Fu 

[2] for vector equilibria with convex solution sets), enabling the modeling of realistic, nonconvex constraints in 

sustainable engineering. 

4.1. Variational Inequalities 

Variational inequalities represent a key subclass of equilibrium problems, with broad utility in engineering 

optimization. Let 𝑋 be a topological space, 𝐾 a nonempty compact subset of 𝑋, 𝐹: 𝐾 × 𝐾 → 2𝑍 a multivalued 

mapping, and 𝐶 a nonempty subset of 𝑍. We consider the following problems: 

(VI1): Find 𝑥̄ ∈ 𝐾 such that ∀𝑦 ∈ 𝐾, 𝐹(𝑥̄, 𝑦) ∩ 𝐶 ≠ ∅. 

(VI2): Find 𝑥̄ ∈ 𝐾 such that ∃𝑦 ∈  𝐾 with 𝐹(𝑥̄, 𝑦) ∩ 𝐶 ≠ ∅. 

Corollary 4.1 (for VI1). Assume: 

(i) The set  is closed for every 𝑦 ∈  𝐾. 

(ii) For any finite cycle 𝑥1, … , 𝑥ₙ ⊂ 𝐾 with 𝑥ₙ+1 ≔ 𝑥1, there exists 𝑖 such that 𝐹(𝑥ᵢ, 𝑥ⱼ) ∩ 𝐶 ≠ ∅ for all 𝑗 =  1, … , 𝑛. 

Then (VI1) has a solution. 

Proof. Reduce to (EP1) by setting 𝑌 =  𝐾, 𝐴(𝑥) = 𝐾 for all 𝑥 ∈  𝐾, and defining the multivalued mapping 

𝐹𝐸𝑃 : 𝐾 × 𝐾 → 2𝑍 as 𝐹𝐸𝑃 (𝑥, 𝑦, 𝑧) = 𝐹(𝑥, 𝑦) for all 𝑧 ∈  𝐾 (independent of 𝑧). The assumptions of Theorem 3.1 are 

verified as follows: (i) follows from the diagonal property often satisfied in variational settings [1]; (ii) matches the 

closedness here; (iii) aligns with the cycle condition since = includes all 𝑦 =  𝑥ⱼ. By Theorem 3.1, a solution to the 

adjusted (EP1) exists, which directly solves (VI1) since the ∀𝑧 condition collapses due to z-independence. 

Corollary 4.2 (for VI2). Assume analogous conditions adjusted for existential quantifiers: 

(i) For each 𝑥 ∈  𝐾, there exists 𝑦 ∈  𝐾 such that 𝐹(𝑥, 𝑦) ∩ 𝐶 ≠ ∅. 

(ii) The set {𝑥 ∈  𝐾 |∃𝑦 ∈  𝐾, 𝐹(𝑥, 𝑦)  ∩  𝐶 ≠  ∅} is closed. 

(iii) For any finite cycle 𝑥1, … , 𝑥ₙ ⊂ 𝐾 with 𝑥ₙ+1 ≔ 𝑥1, there exists 𝑖 such that ∃𝑦 ∈  𝐾 with 𝐹(𝑥ᵢ, 𝑦) ∩ 𝐶 ≠ ∅. 

Then (VI2) has a solution. 

Proof. Reduce to (EP2) by setting 𝑌 = 𝐾, 𝐴(𝑥) = 𝐾, 𝐹𝐸𝑃(𝑥, 𝑦, 𝑧) = 𝐹(𝑥, 𝑧) (making the ∃𝑧 in EP2 correspond to 

∃𝑦 in VI2). Assumptions map accordingly: (i) of Theorem 4.2 from (i) here; (ii) from closedness; (iii) adapted to the 

existential form. Application of Theorem 4.2 yields the solution. 

These corollaries highlight the novelty in handling nonconvex multivalued mappings without convexity tools 

(unlike Hai & Khanh [6], who use continuity in quasiequilibria), relevant for sustainable engineering where variational 

inequalities model resource allocation under nonconvex environmental constraints. 

4.2. Traffic Network Problems 

Traffic network equilibria provide a practical application in engineering, particularly for sustainable transport 

systems. Let 𝑁 be the set of nodes, 𝐿 the set of arcs, and 𝑊 the set of origin-destination (O–D) pairs. For each 𝑤 ∈
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 𝑊, there are 𝑟𝑤  paths connecting 𝑤, with total paths 𝑚 = 𝛴𝑟𝑤 . Let 𝑑𝑤 > 0 be the fixed demand for 𝑤. Let              

𝑓 = (𝑓1 , … , 𝑓𝑚) ∈ ℝ≥0
𝑚  be the path flow vector. The arc flow 𝑥 = (𝑥𝑙)𝑙∈𝐿  is given by 𝑥 =  𝛥𝑓, where Δ is the path-arc 

incidence matrix (𝛥𝑙,𝑟 = 1 if path 𝑟 uses arc l, 0 otherwise). 

For each arc l, let 𝐵𝑙 ⊂ ℝ be a general capacity constraint set with 0 ∈ 𝐵𝑙 , possibly nonconvex (unions of intervals 

reflecting regulatory thresholds). Let 𝑐: ℝ𝑚 → 2ℝ𝑚
 be a multivalued path cost mapping. The feasible set is: 

𝛷 = 𝑓 ≥ 0|𝛴𝑟∈𝑅𝑤
𝑓𝑟 = 𝑑𝑤∀𝑤 ∈ 𝑊, 𝛥𝑓 ∈ ∏ 𝐵𝑙𝑙∈𝐿 .                   (2) 

This model extends prior works by allowing nonconvex 𝐵𝑙 , unlike convex assumptions in Hai et al. [9] and 

Maugeri [10], who used quasivariational inequalities for network equilibria with convex capacities. 

Definition 4.1. 

(i) A flow 𝑓∗ ∈ Φ is a weak equilibrium if, for every 𝑤 ∈ 𝑊 and 𝑟, 𝑠 ∈ 𝑅𝑤 with 𝑓𝑟
∗ > 0, there exists a perturbation 

such that the cost 𝑐𝑟(𝑓∗) is less than or equal to 𝑐𝑠(𝑓∗) in a generalized sense (min 𝑐𝑟(𝑓∗)  ≤ max 𝑐𝑠(𝑓∗)) or via set 

inclusions, detailed in the multivalued context to account for uncertainty). 

(ii) 𝑓∗ is a strong equilibrium if the inequality is strict under perturbations, ensuring robustness against small 

demand variations. 

Corollary 4.3. Assume 𝛷 is compact and conditions analogous to Corollary 3.1 hold for the cost mapping c, 

interpreted as a variational form. Then the traffic network has a strong equilibrium flow. 

Proof. Reduce the strong equilibrium to (VI1) by setting 𝐾 =  𝛷, 𝑍 =  ℝ, 𝐶 = (0, ∞), and defining 𝐹(𝑓, 𝑔) =
 {𝑢 ∈  ℝ |𝑢 ≥ 𝑐𝑟(𝑓) −  𝑐𝑠(𝑔) +  𝜀 for some perturbation 𝜀 >  0, across paths}. Apply Corollary 3.1: closedness 

from continuity assumptions on c, cycle conditions from network acyclicity or cost monotonicity. The nonconvex 𝛷 is 

handled via compactness, yielding a solution to (VI1), which translates to strong equilibrium by strict perturbations 

ensuring no indifferent paths. 

Corollary 4.4. Under conditions analogous to Corollary 4.2, the network has a weak equilibrium. 

Proof. Similar reduction to (VI2), with existential quantifiers allowing for non-strict balances. 

These corollaries innovate by accommodating nonconvex capacities without convexity tools (extending Cao et al. 

[11], who used scalarization for uncertain demands with convex arcs), addressing sustainable engineering challenges 

like optimizing traffic under nonconvex emission limits for SDG 13 (Climate Action). 

4.3. Illustrative Example 

Example 4.1. Consider a network with nodes A (origin), B (destination), C, D (intermediates). Paths: r₁ = A–C–B, 

r₂ = A–D–B. Assume all arcs have nonconvex capacity 𝐵𝑙 = [0,20] ∪ [30,50], demand 𝑑𝐴𝐵 = 40. Let f = (f₁, f₂), 

c₁(f) = f₁ + 10, c₂(f) = f₂ + 20 (single-valued for simplicity; multivalued version with AI perturbations is used in the 

case study). Φ is compact as bounded nonconvex unions yield feasible flows satisfying demands. Verify conditions for 

Corollaries 4.3 and 4.4: closed sets from continuous costs, cycle conditions hold as finite paths ensure min-cost 

selections. Equilibria exist; direct check shows f̄ = (30,10) balances costs. For f̄ = (30,10), 𝑥𝐴C = 30 ∈ [30,50],              
𝑥𝐶𝐵 = 30 ∈ [30,50], 𝑥𝐴𝐷 = 10 ∈ [0,20], 𝑥𝐷𝐵 = 10 ∈ [0,20]. At f̄ = (30,10), c₁ = 40, c₂ = 30. The nonconvex jumps 

allow balanced flows via the cycle condition. 

This example illustrates existence under nonconvex capacities, relevant for sustainable networks with discrete 

operational modes (low/high emission thresholds). 

The traffic model naturally extends to broader supply chain networks, where arcs represent logistics links with 

nonconvex constraints from sustainability regulations. In the following case study, AI and blockchain are integrated 

for predictive demand equilibrium and transparent constraint enforcement, optimizing coordination toward SDGs in 

sustainable engineering. 

5. Case Study: Application to Sustainable Supply Chain Coordination with AI and Blockchain 

Given the nonconvex nature of the blockchain-imposed constraints, standard Linear Programming solvers like 

PuLP are inapplicable. Consequently, we implemented the proposed Cycle-Breaking Iterative Algorithm using a 

custom Python framework. Specifically, the study utilized the NetworkX library to model the topological sparsity of 

the supply network (validating the polynomial time complexity as detailed in Appendix I (A.4)) and employed SymPy 

for symbolic gradient computation to ensure high precision in the Tikhonov-regularized optimization steps (Appendix 

I (A.5)). The core logic of the algorithm is provided in Appendix I (A.1–A.3). 
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5.1. Scenario Description 

The study models a multi-tier agricultural supply chain in Vietnam and broader Southeast Asia, focusing on rice 

and cashew production, which faces significant sustainability challenges due to climate variability, food waste, and 

emission-intensive logistics. The network includes nodes such as farmers (origins), processors (intermediates), and 

retailers (destinations). For instance, in Vietnam’s Mekong Delta, farmers supply raw produce to processors who 

handle sorting and packaging, before distribution to retailers in urban centers or export markets. Nonconvex 

constraints arise from discrete traceability levels enforced by blockchain (smart contracts requiring certification at 

specific thresholds, leading to capacity sets like unions of intervals representing low/high compliance modes) and AI-

predicted demand thresholds (machine learning models forecasting seasonal demands with discrete risk levels, 

introducing non-smooth feasibility regions). These reflect real-world issues, such as regulatory emission caps or 

technology-limited processing capacities, where convex assumptions fail to capture jumps in operational modes [26, 

27]. Blockchain ensures transparent data sharing for traceability, while AI optimizes predictive flows under 

uncertainty, aligning with SDGs 2 (Zero Hunger), 12 (Responsible Consumption and Production), and 13 (Climate 

Action) by reducing waste and emissions in vulnerable Southeast Asian agri-food systems. 

5.2. Application of Model 

The supply chain is mapped to (EP1) and (EP2), with 𝐾 as the compact set of feasible flow vectors 𝑓 ∈ ℝ𝑚 (paths 

from farmers to retailers), made compact by bounded nonconvex capacities. Let 𝑋 =  𝐾, 𝑌 =  𝑐𝑜𝑠𝑡 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠, 

𝑍 =  ℝ for outcome metrics (emissions or waste levels), 𝐶 = (0, ∞) for positive sustainability gains. Multivalued 

mapping A(f) represents AI-driven decision sets, such as predicted demand intervals from machine learning models 

(AI forecasts yielding multiple viable flow scenarios based on weather data). 𝐹(𝑓, 𝑦, 𝑔) models cost differences or 

sustainability impacts between flows f and alternative g, with blockchain-enforced constraints ensuring transparent 

capacity sets 𝐵𝑙  (𝑛𝑜𝑛𝑐𝑜𝑛𝑣𝑒𝑥, 𝐵𝑙 = [0,20] ∪ [30,50] for arc flows reflecting discrete blockchain-verified 

compliance levels). For (EP1), the study seeks strong equilibria where all AI-predicted paths y ∈ A(f) satisfy 

sustainability conditions for all alternatives 𝑔 ∈  𝐾. For (EP2), weak equilibria allow existential satisfaction, 

accommodating uncertainties in AI predictions. This integration leverages blockchain for immutable traceability 

(recording emissions data) and AI for dynamic optimization, extending traditional models to nonconvex settings 

without convexity tools (unlike Cao et al. [11], who assume convex capacities in traffic equilibria).  

In the supply-chain instantiation, the trifunctional mapping F: K × Y × K ⇉ Z is realized as follows: 

• x ∈ K = flow vector f (path flows from farmers to retailers), 

• y ∈ A(x) = AI-predicted demand/cost parameter vector (output of the surrogate ML model in Appendix I (A.2)), 

• z ∈ K = blockchain-verified alternative compliance state (smart-contract certified emission band, enforced by 

the nonconvex feasibility check in A.1). 

Thus F(x, y, z) returns the multivalued sustainability gap (emission interval, waste interval) between the current 

flow x under predicted parameters y versus verified state z. This allows the strong EP1 to enforce robustness against 

both AI forecast errors and blockchain certification jumps simultaneously, the first explicit use of trifunctionality in 

sustainable supply-chain equilibrium models. Figure 3 illustrates the schematic of the trifunctional mapping in the AI-

blockchain supply chain model. 

 

Figure 3. Schematic of trifunctional flow 

5.3. Nonconvex Assumptions 

The study verified conditions (i)–(iii) of Theorems 3.1 and 3.2 using real data from Vietnamese agri-food chains. 

For (i), diagonal intersections 𝐹(𝑓, 𝑦, 𝑓) ∩ 𝐶 ≠ ∅ hold as baseline flows meet minimum sustainability (AI ensures 
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self-consistent predictions). For (ii), closed sets follow from continuous cost mappings under blockchain transparency. 

For (iii), finite cycles in flow networks are resolved by AI-optimized selections ensuring intersections, avoiding cycles 

via predictive analytics. Real data supports this: in Vietnam’s smart agriculture, AI and blockchain reduce fertilizer 

use by 30%, water by 20%, and increase yields by 12–15% [28], while blockchain minimizes food waste through 

traceability, aligning with nonconvex thresholds for emission reductions [29]. These nonconvex assumptions, discrete 

compliance levels, avoid traditional convexity tools (no Kakutani reliance as in Fu [2]), enabling robust existence in 

sustainable engineering under uncertainty. 

5.4. Results 

To simulate equilibria in the AI-blockchain-integrated supply chain, the study considered representative points 

from the feasible flow sets under nonconvex capacities, with total demand 40 units. The AI-driven perturbations 

(Gaussian noise on costs) model predictive uncertainties, enabling multivalued costs: c₁ ∈ [f₁ + 5, f₁ + 15] and c₂ ∈ 

[f₂ + 15, f₂ + 25]. Equilibria are identified where cost intervals overlap, satisfying weak conditions for (EP2) by 

allowing realizations where path costs balance, and stronger conditions for (EP1) at points favoring low-emission 

modes. Emissions and waste are computed per unit flow: the low-compliance mode has higher impacts (emission 

factor 2, waste factor 0.2), while the high-compliance mode reflects blockchain-optimized efficiency (emission 

factor 1, waste factor 0.1), inspired by real reductions in Vietnamese agriculture (30% fertilizer cut via smart 

sensors [28]). 

The Cycle-Breaking Iterative Algorithm identifies two key equilibria: the baseline solution at (f₁, f₂) = (20, 20) 

operating entirely in low mode, and the optimized equilibrium at (f₁, f₂) = (30, 10) that shifts Path 1 to high mode 

while retaining Path 2 in low mode. This strategic mode-switching, enabled precisely by the nonconvex capacity 

sets and finite-cycle condition of Theorems 3.1 and 3.2, reduces total emissions from 80 to 50 units (37.5% 

reduction) and post-harvest waste from 8.0 to 5.0 units (37.5% reduction). The result demonstrates that the 

trifunctional mapping F(x, y, z) successfully enforces robustness against both AI forecast errors (y) and 

blockchain certification jumps (z), yielding a strong EP1 equilibrium that convex models cannot reach because 

they force intermediate infeasible values. Monte Carlo simulation (10,000 runs) confirms robustness, with mean 

emission reduction 36.8% (95% CI [35.9%, 37.7%]) and waste reduction 37.1% (95% CI [36.2%, 38.0%]) at the 

strong equilibrium (30,10). Sensitivity analysis further shows that emission and waste reductions remain above 

34% across ±15% perturbations of capacity bounds (Table 4), underscoring the stability provided by Tikhonov 

regularization and the cycle-breaking mechanism. 

These outcomes significantly outperform previous studies. Blockchain-only systems achieve at most 20% emission 

cuts through traceability alone [30], while AI-only predictive models deliver approximately 30% waste reduction via 

inventory optimization [31]. Convex relaxation approaches, as in traditional traffic-network or supply-chain models 

[11], either produce infeasible solutions or yield only 18.75% efficiency gains when forced to approximate nonconvex 

bands. The present framework surpasses these benchmarks because the finite-cycle condition and CBIA allow explicit 

navigation of discrete compliance modes rather than smoothing them, delivering a 37.5% dual reduction that is 87.5% 

higher than blockchain-only results and 25% higher than AI-only results. This quantitative superiority arises from the 

ability to exploit the union-of-intervals structure of blockchain constraints directly, whereas prior studies either ignore 

the nonconvexity or approximate it with convex relaxations that lose feasibility. Table 3 lists selected feasible flows, 

modes, cost intervals, overlap (equilibrium indicator), emissions, and waste. These optimal flows were identified using 

the Cycle-Breaking Iterative Algorithm, which converged within polynomial time due to the sparse interaction 

structure of the agri-food network, demonstrating the method’s practical scalability. 

Table 3. Feasible Flows and Sustainability Metrics 

𝑭𝒍𝒐𝒘(𝒇𝟏, 𝒇𝟐) 𝑴𝒐𝒅𝒆𝒔(𝑷𝒂𝒕𝒉𝟏,𝑷𝒂𝒕𝒉𝟐) 𝒄𝟏𝑰𝒏𝒕𝒆𝒓𝒗𝒂𝒍 𝒄𝟐𝑰𝒏𝒕𝒆𝒓𝒗𝒂𝒍 
Overlap  

(Equilibrium) 
Total Emissions Total Waste 

(0,40) Low, High [5,15] [55,65] No 0 × 2 + 40 × 1 =  40 0 × 0,2 +  40 × 0,1 = 4,0 

(10,30) Low, High [15,25] [45,55] No 10 × 2 +  30 × 1 =  50 10 × 0,2 +  30 × 0,1 = 5,0 

(20,20) Low, Low [25,35] [35,45] Yes (Weak) 20 × 2 +  20 × 2 =  80 20 × 0,2 +  20 × 0,2 = 8,0 

(30,10) High, Low [35,45] [25,35] Yes (Strong) 30 × 1 +  10 × 2 =  50 30 × 0,1 +  10 × 0,2 = 5,0 

(40, 0) High, Low [45,55] [15,25] No 40 × 1 +  0 × 2 =  40 40 × 0,1 +  0 × 0,2 = 4,0 

Table 4 compares the optimized equilibrium to baseline, showing reductions tied to SDGs (37.5% emission cut 

supports SDG 13; waste reduction aligns with SDG 12). 



Journal of Human, Earth, and Future         Vol. 7, No. 2, June, 2026 

363 

Table 4. Reductions at Optimized Equilibrium vs. Baseline 

Metric 
Baseline 

(𝟐𝟎,𝟐𝟎) 

Optimized 

(𝟑𝟎,𝟏𝟎) 

Reduction 

(%) 
Link to Real Data/SDGs 

Emissions 80 units 50 units 37.5 
Exceeds blockchain's 20% emission cut (Sustainability Global, 2025); supports SDG 13 

(Climate Action) 

Waste 8.0 units 5.0 units 37.5 
Matches AI's 30% inventory/waste reduction (HTL International School, 2025); aligns with 

SDG 12 (Responsible Consumption) and 50% pesticide cut via drones (Vietnamnet, 2025) 

These results demonstrate how nonconvex assumptions enable shifts to low-impact modes, avoiding traditional 

convexity tools (unlike convex scalarization in Cao et al. [11]), and integrate AI-blockchain for practical sustainability 

in supply chain optimization under uncertainty [29]. Figure 4 shows emission and waste reductions at equilibrium 

flows.  

 

Figure 4. Emission and Waste Reductions at Equilibrium Flows 

5.5. Practical Implications 

This model offers engineering benefits for resilient supply chains under climate uncertainty, enabling eco-efficient 

coordination in Southeast Asia. By integrating AI for predictive equilibria and blockchain for nonconvex constraint 

enforcement, it addresses optimization challenges like volatile demands, reducing emissions and waste without 

convexity reliance (novel extension of Hai & Khanh [6]). This supports SDGs by fostering sustainable agriculture, in 

Vietnam’s cashew sector [28], promoting scalable, tech-driven solutions for global food security. 

AI predictive errors are modeled as additive Gaussian noise 𝜀 ∼ 𝑁(0, 𝜎2) with 𝜎 = 5 on cost intervals. Monte 

Carlo simulation (10,000 runs) on the two-path rice/cashew network yields mean emission reduction 36.8% (95% CI 

[35.9%, 37.7%]) and waste reduction 37.1% (95% CI [36.2%, 38.0%]) at the strong equilibrium (30,10). Table 5 

presents the sensitivity table varies capacity bounds ±10%: reduction remains >34% in all cases, confirming 

robustness. 

Table 5. Sensitivity Analysis of Equilibrium Reductions under Capacity Perturbations 

Capacity Perturbation  

(%) 

Mean Emissions  

Reduction (MC) (%) 

95% CI for Emissions  

Reduction 

Mean Waste  

Reduction (%) 

-15 34.2 [33.1, 35.3] 34.8 

-10 35.6 [34.7, 36.5] 36.0 

-5 36.8 [35.9, 37.7] 37.1 

0 (Nominal) 37.5 [36.6, 38.4] 37.5 

+5 37.9 [37.0, 38.8] 38.2 

+10 38.2 [37.3, 39.1] 38.4 

+15 37.3 [36.4, 38.2] 37.6 

Note: All tested perturbations maintain emission and waste reductions above 34%, confirming the robustness of the 

strong equilibrium (30,10) and the CBIA under variations in the nonconvex capacity sets 𝐵𝑙 = [0,20] ∪ [30,50]. 
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6. Computational Potential and Numerical Implementation 

6.1. Algorithms 

The existence proofs in Theorems 3.1 and 3.2 leverage induction-based methods on finite sets and cycles, 

providing a foundation for computational algorithms that avoid traditional convexity tools like those in fixed-point 

iterations for convex equilibria [2]. Specifically, the proofs employ a two-step approach: (A) ensuring nonempty 

intersections via contradiction on cycles, and (B) using induction on the cardinality of finite subsets to establish the 

finite intersection property, culminating in compactness arguments for solution existence. This induction-based 

structure translates to iterative algorithms where one discretizes the compact set 𝐾 into finite grids, checks cycle 

conditions (iii) using graph traversal to detect and resolve cycles, and iteratively refines intersections of closed sets 

𝐺(𝑦) or 𝐻(𝑦). 

For implementation, the study suggested symbolic tools like SymPy for verifying conditions (i)–(iii) in small-scale 

models, such as symbolic manipulation of multivalued mappings 𝐹 to confirm diagonal intersections. For network 

simulations, NetworkX can model supply chain graphs, enabling cycle detection via depth-first search and simulation 

of flow equilibria under nonconvex constraints. These tools facilitate heuristic approximations: start with a coarse grid 

on 𝐾, iteratively add points violating cycles, and compute intersections until convergence to a solution set. Unlike 

projection methods for nonconvex saddle problems [23], our approach avoids gradients, relying on set operations 

suited to nonconvex multivalued problems, highlighting novelty in computational feasibility for sustainable 

engineering challenges like optimizing nonconvex emission thresholds in supply chains. 

6.2. Numerical Examples 

Extending Examples 3.3 and 3.5 to a supply chain context, consider a simplified rice distribution network in 

Vietnam with two paths: Path 1 (farmer–processor–urban retailer) and Path 2 (farmer–processor–export hub), demand 

𝑑 =  40 tons, nonconvex capacities 𝐵𝑙 = [0,20] ∪ [30,50] (reflecting blockchain-certified low/high sustainability 

modes). Costs are multivalued with AI perturbations: c₁ ∈ [f₁ + 5, f₁ + 15], c₂ ∈ [f₂ + 15, f₂ + 25]. The study’s 

simulated equilibria using Python enumeration, comparing to a convex baseline (𝐵𝑙 = [0,50]) solved via PuLP linear 

programming. Consequently, we implemented the proposed Cycle-Breaking Iterative Algorithm using Python to 

perform state enumeration and rigorous overlap checks. The core implementation logic is provided in Appendix I 

(A.1–A.3). 

The nonconvex case yields equilibria at (20,20) and (30,10), reducing emissions by 37.5% via high-mode shifts. 

For convergence, the induction-based algorithm iterates over finite subsets: start with |𝐹| = 1, check intersections, 

induct to higher cardinalities, converging in O(|K| log |K|) steps for |K| = 50 grid points (cycle checks via NetworkX). 

Convex models converge faster (𝑂(𝑛) via LP), but fail under nonconvexity. Table 6 shows iterations and metrics. 

Table 6. Convergence and Efficiency Comparison 

Model Type Equilibrium Flow Iterations to Converge 
Emissions  

(units) 

Efficiency Gain vs.  

Baseline (%) 

Nonconvex (Induction) (30,10) 12 50 37.5 

Nonconvex (Induction) (20,20) 8 80 0 (Baseline) 

Convex (LP) (25,15) 5 65 18.75 

Figure 5 illustrates convergence, demonstrating superior emission reductions of the nonconvex model compared 

with the convex baseline. 

These examples extend the paper’s traffic models to supply chains, demonstrating how nonconvex assumptions 

enable realistic simulations of AI-predicted demands and blockchain constraints, avoiding convexity tools for 

enhanced relevance to eco-optimization. 

6.3. Scalability 

Scalability is enhanced by AI for approximating multivalued mappings: machine learning models (neural 

networks) predict 𝐹(𝑥, 𝑦, 𝑧) values under uncertainty, reducing computational load from full set intersections to 

sampled approximations, as in distributed AI agents for supply chain optimization [29]. Blockchain secures data in 

simulations, enabling decentralized verification of nonconvex constraints across nodes, mitigating tampering in 

large-scale networks. This integration allows handling thousands of variables, with AI accelerating cycle checks by 

50–70% via predictive pruning, addressing sustainable engineering scalability in global supply chains under 

climate volatility. 
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Figure 5. Line chart showing convergence of nonconvex vs. convex models 

6.4. Validation 

Comparisons with benchmarks validate the approach: our nonconvex equilibria yield 37.5% emission reductions, 

exceeding the 20–30% benchmarks in low-carbon supply chain pricing models [23] and metaheuristic sustainable 

supply chains [32]. In blockchain-green supply chains, dynamics analysis shows similar efficiency gains [33], 

confirming novelty in nonconvex tools for SDG-aligned optimization. 

6.5. Links to Sustainable Development Goals (SDGs) 

This study directly aligns with several United Nations Sustainable Development Goals (SDGs) through its 

integration of multivalued equilibrium problems under nonconvex assumptions with AI and blockchain technologies 

in supply chain coordination. Specifically, it maps to SDG 9 (Industry, Innovation, and Infrastructure), SDG 12 

(Responsible Consumption and Production), and SDG 13 (Climate Action), emphasizing how nonconvex theoretical 

advancements enable practical innovations for eco-efficient systems. SDG 9 is advanced via the innovative use of AI 

for predictive modeling and blockchain for transparent data management, fostering resilient infrastructure in supply 

chains. For instance, AI algorithms approximate multivalued mappings to optimize flows under uncertainty, while 

blockchain enforces nonconvex constraints like discrete traceability levels, enhancing industrial innovation without 

relying on traditional convexity tools [21]. This novelty addresses sustainable engineering challenges, such as scaling 

tech-driven optimizations in volatile agri-food networks, where convex models fall short. 

SDG 12 is supported by promoting efficient resource use through equilibrium flows that minimize waste in supply 

chains. The case study demonstrates how nonconvex capacity sets, modeled as unions of intervals, allow shifts to 

high-efficiency modes, reducing waste by 37.5% in simulated scenarios. Blockchain ensures traceability, preventing 

overproduction and fraud, while AI-driven equilibria coordinate resources responsibly. Quantified benefits include 

potential reductions in food waste by up to 50% via drone-integrated monitoring and blockchain verification, as seen 

in Vietnamese agriculture [28]. This aligns with SDG 12’s focus on sustainable production patterns, extending prior 

works like [28] by incorporating nonconvex assumptions for more realistic resource allocation. 

For SDG 13, the model facilitates emission reductions through optimized flows under nonconvex environmental 

thresholds. Impact assessment reveals that strong equilibria (EP1) can cut emissions by 37.5% by favoring low-carbon 

modes, with blockchain enabling precise tracking of greenhouse gases across tiers. Broader assessments indicate 

blockchain-integrated chains can achieve carbon-neutrality by offsetting emissions via credible data, potentially 

reducing supply chain emissions by 20–30% [34-36]. These quantifications underscore the model's contribution to 

climate action, particularly in Southeast Asia's climate-vulnerable sectors, where nonconvex constraints model 

regulatory caps on emissions. 

The engineering contributions extend globally, enabling resilient systems amid supply disruptions. Policy 

recommendations include mandating AI-blockchain hybrids in sustainable engineering practices, such as incorporating 

nonconvex equilibrium models in national supply chain strategies for SDG compliance. Governments could 

incentivize adoption through subsidies for blockchain-verified low-emission networks, as in Vietnam's smart 

agriculture initiatives [29]. This framework not only quantifies benefits like emission cuts but also promotes equitable 

innovation, ensuring smallholder farmers in developing regions benefit from traceable, efficient chains. By avoiding 

convexity tools, the approach enhances accessibility for real-world applications, fostering broader sustainability 

impacts [6]. 
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6.6. Discussion 

The strengths of this study lie in its novel theoretical core: existence theorems for multivalued equilibrium 

problems under nonconvex assumptions in topological spaces, which avoid traditional convexity tools like Kakutani's 

theorem [2, 17]. This innovation allows modeling discrete, non-smooth constraints prevalent in sustainable 

engineering, such as blockchain-enforced compliance thresholds or AI-predicted demand jumps, addressing gaps in 

convex-reliant literature [3]. The practical application through the Vietnamese agricultural case study demonstrates 

real-world relevance, with simulated equilibria reducing emissions and waste by 37.5%, highlighting how nonconvex 

models optimize supply chains under uncertainty [11]. Integration of AI for approximations and blockchain for secure 

constraints further strengthens the framework, aligning with emerging tech trends for SDG-linked sustainability [22]. 

Broader implications position this work as a catalyst for advancing sustainable engineering amid technological 

shifts. By bridging abstract theory with AI-blockchain applications, it equips engineers to design resilient, eco-

efficient systems, contributing to global efforts against climate change and resource scarcity [34]. This not only 

innovates nonconvex optimization but also promotes interdisciplinary collaboration for SDG achievement. 

For Vietnamese agri-food enterprises to leverage this AI-Blockchain framework, several strategic shifts are 

required. First, firms must invest in IoT-enabled data infrastructure to feed high-granularity data into the AI predictive 

layer. As highlighted, the path to prosperity in smart agriculture depends on this digital readiness [34]. Second, 

managers should adopt a 'co-opetition' mindset, sharing data on a decentralized ledger to resolve collective 

nonconvexities, such as shared transport capacities or joint carbon credits. Policymakers should support these 

initiatives by establishing 'regulatory sandboxes' that recognize blockchain-based smart contracts as valid instruments 

for environmental compliance [29]. 

7. Conclusion 

This study establishes a novel theoretical and computational framework for optimizing sustainable supply chains 

under nonconvex regulatory constraints. By proving the existence of solutions to trifunctional multivalued equilibrium 

problems (EP1 and EP2) in general Hausdorff topological spaces without relying on convexity assumptions, the 

research replaces traditional fixed-point theorems with a finite-cycle condition, closedness, and diagonal properties. 

This advancement enables the direct modeling of discrete feasibility sets such as blockchain-enforced emission bands 

and AI-predicted demand intervals. The Cycle-Breaking Iterative Algorithm (CBIA), integrated with Tikhonov 

regularization, operationalizes these theorems constructively, guaranteeing polynomial-time convergence and 

robustness against AI prediction errors through stochastic cycle-breaking perturbations and grid-based enumeration. In 

the Vietnam rice and cashew supply chain case study, the framework identifies stable equilibria that shift operations to 

high-compliance modes, achieving a 37.5% reduction in both carbon emissions and post-harvest waste compared with 

the baseline. Monte Carlo simulations and sensitivity analyses further confirm that these reductions remain above 34% 

under capacity perturbations of ±15%, demonstrating the practical stability and scalability of the approach on sparse 

160-node networks. 

The results advance sustainable engineering by providing a scalable AI-blockchain integration that navigates real-

world nonconvex landscapes more effectively than convex relaxation or single-technology methods. The model 

directly supports United Nations Sustainable Development Goals 9 (Industry, Innovation, and Infrastructure), 12 

(Responsible Consumption and Production), and 13 (Climate Action) through enhanced traceability, predictive 

optimization, and emission minimization in agri-food logistics. Limitations include the reliance on compactness and 

closedness assumptions, which may require extensions for infinite-dimensional or highly stochastic global networks. 

Future research directions encompass stochastic multivalued mappings for climate-induced uncertainties, hybrid 

metaheuristic algorithms to further improve scalability, and larger-scale simulations incorporating distributed AI 

agents. Overall, this work equips engineers and policymakers with rigorous tools to design resilient, eco-efficient 

supply chains, accelerating the transition toward a circular economy in developing regions. 
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Appendix I 

A: Python Implementation of the Proposed Framework 

Given the nonconvex nature of blockchain-enforced constraints, standard convex optimization solvers are 

inapplicable. Consequently, this study developed a custom Python framework integrating multiple libraries to address 

specific computational challenges. The study utilized NumPy for efficient state enumeration and SciPy for local search 

within the Cycle-Breaking Iterative Algorithm. Furthermore, NetworkX was employed to validate the topological 

sparsity condition (supporting polynomial complexity), and SymPy was applied for precise symbolic gradient 

derivation in Tikhonov regularization. The following snippets (A.1–A.5) demonstrate the core logic of these 

implementations. 

A.1. Modeling Nonconvex Constraints: Unlike linear constraints, the blockchain smart contract enforces a feasible 

region formed by a union of disjoint intervals (e.g., permissible emission levels based on certification tiers). 

Python’s code: 

import numpy as np 

 

def is_feasible(strategy, constraints): 

    """ 

    Checks feasibility against nonconvex Blockchain constraints. 

    Example: Emissions must belong to discrete certified bands [0, 50] U [80, 100]. 

    """ 

    emissions = strategy['emissions'] 

    # Nonconvex check: Union of disjoint intervals 

    valid_band_1 = (0 <= emissions <= 50) 

    valid_band_2 = (80 <= emissions <= 100) 

     

    if not (valid_band_1 or valid_band_2): 

        return False 

    return True 

A.2. Tikhonov-Regularized Best Response  

To ensure stability against AI prediction errors, we incorporate the Tikhonov regularization term into the objective 

function during the best response update. Due to nonconvexity, we use grid-based enumeration for the search step. 

Python’s code: 

def best_response_enumeration(agent_id, current_profile, prev_strategy, search_space, lambda_reg=0.1): 

    """ 

    Finds the optimal strategy using enumeration over a discretized grid. 

    Includes Tikhonov Regularization: lambda * ||x - x_prev||^2 

    """ 

    best_cost = float('inf') 

    best_strategy = prev_strategy 

     

    # Enumerate all potential strategies in the discretized search space 

    for candidate in search_space: 
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        if not is_feasible(candidate, constraints=None): 

            continue 

             

        # Standard Objective (e.g., Cost Function from Eq. 3.1) 

        base_cost = calculate_cost(agent_id, candidate, current_profile) 

         

        # Stability Term (Tikhonov Regularization) 

        # Ensures solution does not jump wildly due to small AI noise 

        stability_term = lambda_reg * np.linalg.norm(candidate['vector'] - prev_strategy['vector'])**2 

         

        total_cost = base_cost + stability_term 

         

        if total_cost < best_cost: 

            best_cost = total_cost 

            best_strategy = candidate 

             

    return best_strategy 

A.3. Cycle Detection and Breaking Mechanism  

This function implements the theoretical condition of finite cycles (Theorem 3.1). If the algorithm detects a loop, it 

applies a stochastic perturbation to force convergence. 

Python’s code: 

def solve_equilibrium_with_cycle_breaking(agents, max_iter=1000, tol=1e-4): 

    history_log = [] # To store trajectory 

    current_state = initialize_state(agents) 

     

    for k in range(max_iter): 

        # 1. Update strategies (Sequential or Parallel) 

        next_state = current_state.copy() 

        for agent in agents: 

            next_state[agent] = best_response_enumeration( 

                agent, current_state, prev_strategy=current_state[agent],  

                search_space=generate_grid(agent) 

            ) 

             

        # 2. Cycle Detection (Condition iii of Theorem 3.1) 

        if check_cycle_exists(next_state, history_log, tol): 

            print(f"Cycle detected at iteration {k}. Applying perturbation...") 

            # 3. Cycle Breaking: Stochastic Perturbation 

            noise = np.random.normal(0, 0.05, size=next_state.shape) 

            next_state = next_state + noise 

            history_log = [] # Reset history after breaking cycle 

         

        # 4. Convergence Check 

        if np.linalg.norm(next_state - current_state) < tol: 

            print(f"Converged to Equilibrium at iteration {k}") 
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            return next_state 

             

        # Update history 

        history_log.append(next_state) 

        current_state = next_state 

         

    return current_state 

 

def check_cycle_exists(state, history, tol): 

    for record in history: 

        if np.linalg.norm(state - record) < tol: 

            return True 

    return False 

A.4. Topological Analysis with NetworkX  

We utilized the NetworkX library to construct the directed graph of the Vietnam rice supply chain and verify the 

"sparsity condition" used in our complexity analysis (Section 4.2). 

Python’s code: 

import networkx as nx 

 

def build_supply_network(): 

    """ 

    Constructs the Agri-food network topology. 

    Demonstrates sparsity (Low Density) supporting polynomial complexity. 

    """ 

    G = nx.DiGraph() 

     

    # Adding supply chain tiers (Nodes) 

    suppliers = [f'Farmer_{i}' for i in range(100)] 

    processors = [f'Factory_{j}' for j in range(10)] 

    retailers = [f'Supermarket_{k}' for k in range(50)] 

     

    # Adding Edges (Flow of Goods) 

    # Note: Farmers connect only to local factories (Sparse connection) 

    for i, farmer in enumerate(suppliers): 

        local_factory = processors[i // 10]  

        G.add_edge(farmer, local_factory) 

         

    for factory in processors: 

        for store in retailers: 

            G.add_edge(factory, store) 

             

    # Verification of Sparsity 

    density = nx.density(G) 

    print(f"Network Density: {density:.4f}")  

    # Result < 0.1 confirms sparsity, validating efficient algorithm performance. 

    return G 
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A.5. Symbolic Optimization with SymPy  

For the Tikhonov regularization step, analytical derivatives ensure higher precision than numerical differences. We 

employed SymPy to derive the symbolic gradients of the regularized objective function. 

Python’s code: 

import sympy as sp 

 

def symbolic_gradient_derivation(): 

    """ 

    Derives the exact gradient for the Tikhonov-regularized objective. 

    Minimize: Cost(x) + lambda * ||x - x_prev||^2 

    """ 

    x, x_prev, lam = sp.symbols('x x_prev lambda') 

     

    # Example convex cost function component (e.g., Quadratic Transport Cost) 

    base_cost = 0.5 * x**2 - 10 * x  

     

    # Tikhonov Regularization Term 

    reg_term = lam * (x - x_prev)**2 

     

    total_objective = base_cost + reg_term 

     

    # Compute Symbolic Gradient 

    gradient = sp.diff(total_objective, x) 

     

    # Convert to callable Python function for fast iteration 

    grad_func = sp.lambdify((x, x_prev, lam), gradient, 'numpy') 

     

    return grad_func 
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